Chapter 5

Introduction to Differential
Equations

Transient Analysis of
First-Order Networks

A
“‘16‘ Ll L] . = —
E‘[g Department of Electrical and Electronics Engineering §§

University of the Philippines - Diliman




Differential Equations

Definition: Differential equations are equations
that involve dependent variables and their
derivatives with respect to the independent

variables.

. . 2
Simple harmonic d_Lzl kU =0

motion: u(x) dx

Wave equation in three  d°u | 0%u N o’u _ 2 o’u

dimensions: u(x,y,z,t) x> oy’ o0z> ot*
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Ordinary Differential
Eqguations

Definition: Ordinary differential equations
(ODE) are differential equations that involve only
ONE independent variable.

Example: )
da u(x) +ku =0
dx*

u(x) is the dependent variable
X is the independent variable

3
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Ordinary Differential
Eqguations

We can classify all ODEs according to
order, linearity and homogeneity.

The order of a differential equation is just the
highest differential term involved:

'd*y _ dy
a- +a Z+a. =0 nd

dx  d’x)

i x:ﬁ: ‘ 3 order
s ——
(__‘_
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Linearity

The important issue is how the unknown variable

(ie y) appears in the equation. A linear equation
must have constant coefficients, or coefficients
which depend on the independent variable. If

y or its derivatives appear in the coefficient the
equation is non-linear.

d -
ﬂ +y= 0 Islinear & +t* =0 islinear
dt dt
ﬂ+y2 =( Is non-linear y@ +¢> =0 is non-linear
dt dt
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Linearity - Summary

Linear Non-linear
2y ¥ oorsin(y)
d d
i Y
(2 +3sint)y (2-3y%)y
A
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Homogeniety

Put all the terms of the differential equation which
involve the dependent variable on the left hand
side (LHS) of the equation.

Homogeneous: If there is nothing left on the
right-hand side (RHS), the equation is
homogeneous. (unforced or free)

Nonhomogeneous: If there are terms left on
the RHS involving constants or the independent
variable, the equation is nonhomogeneous (forced)

Zj‘\‘i Department of Electrical and Electronics Engineering EEE 33 - p7



Examples of Classification

d " 1t Order
4 +y=0 " Linear

N
\J

dx = Homogeneous
m)nd
dzy - 2 Or-der
—+cos(x)y” =sin(x)  =Non-linear
dx "Non-homogeneous
m2rd
d3y 39 Order

SF = 4y — COS(X) "Linear
X "Non-homogeneous

>
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Linear Differential Equations

A linear ordinary differential equation describing
linear electric circuits is of the form

a"x d”"lir La OX n
T e Tt gt T A gy A = VL)
where

a.,a. ..a, constants

x(t) dependent variable (current or voltage)
t independent variable
v(t) voltage or current sources
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Linear Differential Equations

Assume that we are given a network of passive
elements and sources where all currents and
voltages are initially known. At a reference instant
of time designated t=0, the system is altered in a
manner that is represented by the opening or
closing of a switch.

Our objective is to obtain equations for currents
and voltages in terms of time measured from the
instant equilibrium was altered by the switching.
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Solution to Differential Equations

In the network shown, the 2¢
switch is moved from position E=
1 to position 2 at time t=0. -

After switching, the KVL equation is

di .
L—+Ri=0
dt (1)
Re-arranging the equation to separate the
variables, we get :
‘Z’ - —’zdt (2)

>
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Solution to Differential Equations

Equation 2 can be integrated to give
ni = -Re+k (3)
L
where In means the natural logarithm (base e).
The constant K can be expressed as In k
Thus, equation 3 can be written as
Ini=Ine ™/t +In k (4)

We know that Iny +Inz=1Inyz

>
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Solution to Differential Equations

Equation 4 is equivalent to
Inj=In (ke R/t) (5)
Applying the antilogarithm we get
i = ke R/t (6)
Equation 6 is known as the general solution. If

the constant k is evaluated, the solution is a
particular solution.

>
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General and Particular Solutions

The general solution refers to a set of solutions
satisfying the differential equation.

A particular R Y Y A
solution fits the ’ ' ' ' ' '
specification of a

particular problem.

Assume in the
previous circuit, A

D : AR 1 1
1] 0.005 0.01 0.014 0.02 0.025 0.03
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First-Order Transients

Consider the homogeneous differential equation
dx
a— +bx =0
dt
with initial condition x(0)=X,.

The solution can be shown to be an exponential of
the form

X = Ke*
where K and s are constants. Substitution gives

asKe® +bKe™ =0
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After canceling the exponential term, we get

b
as+b =0 or S =——
ad
Thus the solution is
b
——t
X =Kg @

The constant K can be found using the given initial
condition. At t=0, we get

x(0) = X, =Ke’ =K
The final solution is
_b,
X=Xe? t=0
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Source-Free RL Network

- Consider the circuit shown. Let VF\{A
1(0) = I,. From KVL, we get i
L
Lﬂ +Ri=0 F
dt
The solution can be found to be
_R
| = Keg L

At t=0, we get

i(0) =1, =Ke® =K
s
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Substitution gives

Ry
i(t) =I,e L
From Ohm’s Law, we get the resistor voltage.
R
t

vy, =Ri =RIe -
The voltage across the inductor is given by

Ao ot
A —LE——RIOs = —Vg

Note: Every current and voltage in an RL
network is a decaying exponential with a
time constant of t =L/R.
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Source-Free RC Network

Consider the circuit shown. Let R

N

"v.(0) = V,. From KCL, we get —

fort> 0 1
CCIVC +lv =0 CT-ve
dt R ©

The solution can be shown to be
1

-t
V. = Keg RE¢
At t=0, we get
v.(0) =V, =Ke®’ =K
s
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Substitution gives .

——t
V(t) =V, RE
From Ohm’s Law, we get the resistor current.

1
i = Ve VO S_Et
R R R

The current in the capacitor is is given by

dve  V, st

- =C ——2 g RC =4
i dt R T
Note: Every current and voltage in an RC
network is a decaying exponential with a
time constant of t =RC.
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The Exponential Function
1

Given the function X(t) = XO&:_¥t
When t=0, x(0) = X,&° = X,
When t=t1 , X(1) = X g =0.368X,
When t=21 , X(21) = X, =0.135X,
When t=3t , X(31) = X, g~ =0.050X,
When t=41 , X(41) = X,e™ =0.018X,
When t=5t , X(5T1) = X,£™ =0.007X,
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Plot of the Exponential Function

M
.--I——»

> XO 1
T

t=>0

Note: As seen from the plot, after t=51 , or after 5
time constants, the function is practically zero.

s
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Comments:

1. When R is expressed in ohms, L in Henrys

and C in Farads, the time constant is in
seconds.

2. For practical circuits, the typical values of

the parameters are: R in ohms, L in mH,
CinuF.

3. Typically, r:% in msec
T=RC In psec

Note: For practical circuits, the exponential
function will decay to zero in less than 1 second.

>
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A More General RL Circuit

The circuit shown has several resistors but only one

inductor. Given 40 0.1H
1,(0+)=I,=2 Amps, _ _ WA—M
find i, i,, and i, for LI BTl i 1
fs 0. 603 30 220
First, determine the
equivalent resistance 40 a1 b
seen by the inductor. AN —eo
R, =2+4+ 6(3) 6Q 23Q 20
=8 Q
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Next, find the time constant of the circuit.

L 1
T=—=— S€eC
R, 80
Every current will be described by the exponential
Ke?®*" t=>0

For example, we get
i, =Ke™"  t=0
At t=0%, i,(0*)=I,=2 Amps. Thus, we get
i,(07) =2 =K,e’ =K,
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Thus, we find the current i, to be
i, =2 Amps t=0

The remaining currents, i, and i,, can be found
using current division. We get

=5 =1

2 3 +6 1 3 1
or 2

i, = 53‘8“ Amps t=0
Similarly, we get

i, = %s‘&’t Amps t=0
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A More General RC Circuit

The circuit shown has several resistors but only one
capacitor. Given

V-(0*)=V,=20 volts,

find i fort = 0. 6kQ § 2KQ 1 il§3kQ

. . 1p FF Ve

First, determine the T I

equivalent resistance

seen by the capacitor.
o BK(3K) zm%

IQab = Zk T 6k + 3k §6kQ 3 3kQ§
=4 kQ 1 b

3
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Next, find the time constant of the circuit.
1 =R, C =(4kQ)(1pF) =4 msec

Any current or voltage will be described by the
exponential

Ke% t>0

For example, we get
Ve =Ke™"  t>0
At t=0*, v.(0*)=V,=20 volts. Thus, we get
v.(0") =20 =Ke® =K

S Department of Electrical and Electronics Engineering EEE 33 - p29



Thus, we find the Voltage v to be
Ve =20 wvolts t=0

The current in the capacitor is described by

c=C dve _ -5 mA t=0
dt
Applying current division, we get the current i(t).
. 6k
i(t) = i.)=3.33e " mA t=0
(6) = o (i) =

=
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RL Network with Constant Source

In the circuit shown, the et A
" switch is closed at t = 0. t=0 T
Find current i(t) for t = O. +_

/‘\

Fort > 0, we get from
KVL di

L—+RIi=E
dt

The solution of a non-homogeneous differential
equation consists of two components:

1. The transient response
2. The steady-state response

cft)
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Transient Response: The solution of the homo-
geneous differential equation; that is

dlt +Ri, =0

dt

The transient response for the RL circuit is
_Ry

. =Ke b
Steady-State Response: The solution of the
differential equation itself; that is

L9 L Ri =
dt

d‘g
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The steady-state response is similar in form to the
forcing function plus all its unique derivatives. For
constant excitation, the steady-state response is
also constant.

Let i =A, constant

diy, _,
dt
Substitute in the differential equation
O+RA =E
or =
A=_—
R
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Complete Response: The sum of the transient
response and steady-state response.

Rt

i(t) =i, +i, :E+K£_L t=0

Initial Condition: For t<0, i=0 since the switch is
open. At t=0+, or immediately after the switch is
closed, i(0+)=0 since the current in the inductor
cannot change instantaneously.

Evaluate K. At t=0*, we get
i E
i(0 ):O:E+K£O or K=-—

>
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Finally,we get .
i(t) = E_E ts0
R R

A plot of the current for t = 0 is shown below.

E SS
— P
R .000° 0o ®?® * *
..O -
T .o. I(t)
@
..
.. 1
s s e oo doessS >
.o“Z ’ 4 t/T
o It
E |
-5 T
R
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Transient Response

The transient response is the solution of the
homogeneous differential equation.

(1) It is an exponential function whose time

constant depends on the values of the electrical
parameters (R, L and C);

(2) It is also called the natural response since it is
a “trademark” of any network;

(3) It is independent of the source; and

(4) It serves as the transition from the initial
steady-state to the final steady-state value.

>
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Steady-State Response

The steady-state response is the solution of the
original differential equation.

(1) It is also called the forced response since its

form is forced on the electrical network by the
applied source;

(2) It is similar in form to the applied source plus
all its unique derivatives;
(3) It is independent of the initial conditions; and

(4) It exists for as long as the source is applied.

The forced response is the response that will be left
after the natural response dies out.
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RC Network with Constant Source

In the circuit shown, the
" switch is closed at t = 0.
Assume v(0)=V,. Find E

f‘\

Fort = 0, we get from KVL
Ri+v. =E
dv.

Since | = C

, we get

RC dv.
dt

+Vv. =E

c}‘,)

3 Department of Electrical and Electronics Engineering

v.(t) fort 2 0. '

R
p VA W
t=0 —
| +
C::VC
EEE 33 - p38




Transient Response: For an RC network, we get
1

——=t
— RC
Ve, =Ke

Steady-State Response: Since the forcing
function is constant, the steady-state response is
also constant.

Let v. = A, constant
deﬁS

dt
Substitute in

RC

=0

deﬁS
dt

+VC,ss::E

3
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We get
O+A=E or A=E

Complete Response: Add the transient response

and steady-state response. 1

—-—t
Ve = Ve Ve =E+Ke 5
Evaluate K. At t=0*, we get
vo(0)=V, =E+K or K=V, -E

Finally, we get
1

Vi(t) =E+(V, —E)e *¢  t>0

V
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L and C at Steady State

With all sources constant, then at steady-state,
all currents and voltages are constant.

I, L c C
— YY"\, — | .
+ VL - +VO _
If the current is If the voltage is
constant, then constant, then
dI dVv
v =L—2=0 =C—2=0
dt dt

Note: With constant sources, L is short-circuited
and C is open-circuited at steady state condition.

ci)
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Example: Find the
current and voltages
at steady state. 24V+".;_‘ Ti

Since the source is constant,
the inductor is shorted at
steady state.
4 24

10 . =—==2.4A
10

SS
+; 1 +

R,ss |
24V+__;__TiSS Vi s VR,ss — 24 V

VL,ss 3 O
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Example: Find the
current and voltages +§><>R -
at steady state. oAy = Ti Ve C

Since the source is constant,
the capacitor is open-circuited
at steady state.

10 .. =0

SS

R,ss +
+ . ) —
24V == T Iss Ps VC,ss VR'SS — O

Vees = 24 \/

Zj‘\’i Department of Electrical and Electronics Engineering EEE 33 - p43



Example: Find the 3Q

inductor current and T YW l
capacitor voltage at N + L liL
steady state. 24\ = Ve C
) ) 90
t
At steady state, short
the inductor and open
the capacitor. 30
24 W=
L ss = |—— = 2 A + + l lIL,ss
12 24V __-;-_ VC,ss . §
: - 9Q
Ve =9I =18V '
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40 E.

Example: Find the A AN
inductor currents 80 %

. + + +
and capacitor 5,4y = v & C.= Vs
voltages at - - VC;_J— iLzl -
steady state. T

Equivalent circuit at steady-state

24V = Vc1. t+ [ I 1C3.Vc3 V. =0
- VC2 LZl | - C2
- V., =16V
(j‘\’; Department of Electrical and Electronics Engineering EEE 33 - p45



Example: The switch is A aan
closed at t=0. Find the t=0 —I>
: +
currenti(t) for t = 0. 12V = ﬁlOmH
The transient current is

_R
i, =Ke L =Ke“ >0

The steady-state equivalent circuit fort= 0O

40

——— AW
I =12_-3A T
4 12V = . !
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The complete solution
i(t) =i, +i, =3 +Ke™ t=>0

Initial condition: At t=0*, i(0*)=0 since the
inductor current cannot change instantaneously.

Evaluate K: At t = 0+,
i(0*) =0 =3 +Kg°
K=-3

or

Thus, we get

i(t) =3 -390 At

\}
o

>
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RL and RC Networks

</The solution of a non-homogeneous differential

equation consists of two components: the transient
response and the steady-state response

RL Network with

RC Network with
Constant Source

Constant Source

R 1
—t —t
1(t)=A+K\a L v(t) = A +Kg RC
steady-state transient steady-state transient
response response response response

With constant sources, L is short-circuited and C

IS open-circuited at steady state condition.
ot s
-
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Example: The switch has been in position 1 for a
long time. At t=0, the switch is moved to position
2. Findthe current i(t) for t = 0.

5k 1

T + .
12V_% VC;: 1“ |

F

2 10kQ
——HW—\  — W\
>§'t 0

+
=6V

The circuit is at steady-state

condition prior to switching.

Vees =12V = v (0)

>

5k

YWV

+

Y VC,ss
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Equivalent circuit fort= 0 10kO
AWV

From KVL, we get

R NPT 1y = ) =E=6V
R|+EJ:o!dt—E - '/> i

At t=07,
Ri(0*) +v.(0%) =E

or (0°) = E—Vlg(OJF)

Since the capacitor voltage cannot change
instantaneously,

v.(0') = v (0) =12V
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We get

gL —12 10k
i(07) = b = —-0.6 mA iy
10k V. (0+) | /D 1+
The transient response is

1
] _—t h—
i =Keg R¢ =Ke™™" t=0

The steady-state current is zero since the capacitor
will be open-circuited. Thus, the total current is

equal to the transient current. Since i(0+)=-0.6 mA,
we get

i(t) =-0.6e" mMA t=0

S Department of Electrical and Electronics Engineering EEE 33 - p51



Comments:

+
. +
V. == 1uF "/'> =" 6v

1. The actual current flows in the clockwise
direction. The capacitor supplies the current.
The 6-volt source is absorbing power.

2. The voltages across the resistor and capacitor
can be found to be

v, =Ri(t) =6 V t=0
Ve =6-V, =6+6e7 V t=0
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Comments:

3. The energy stored in the capacitor decreases
from 72 p Jto 18 u J.

W.(0%) =LCvi(0")=LAuF)(12)* =72
W, (00) =4 Cve (00) =4 (IUF)(6)° =18 ]
The resistor will d|55|pate a total energy of 18 pu J.

o 36  _
W, —dt = et =18 uJ
I IOkQ H

The 6V source will absorb a total energy of 36 p J.

W, = f’Vi dt = Loo6(—0.6£'m°t mA)dt =36 uJ

=
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Example: The network has reached steady-state
condition with the switch in position 1. At t=0, the
switch-is - moved to position 2. Find i, v, and v, for

t = 0. Assume that capacitor C, is initially
uncharged. 10kQ 1 2 2.5kQ

NN—2o
+ i
100V = S = V; G\ﬂ Ve 20

F . F

L 10kQ
The circuit is at steady-state
prior to switching. L l +

_ 100V = Vei o
Vepes =100V - [ 4
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Equivalent circuit at t=0t A

Vai(0) =100V | oL 10 I o
V,(07) =0 -

From KVL, we get
Ve (0) =Ri(0") + v,(0°)
Substitution gives i(0+) = 40 mA.

Equivalent circuit fort = 0 _2,\5,\l,<\,Q_

C., =4 F 51 :=_+ G\ J_fx 20
1=RC,=10ms F
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The current for a source-free RC circuit is given by
1

i(t) =Ke RC =Ke™ >0
Since i(0*) = 40 mA, we get

i(t) =40 mA t=0
The voltages are

v, =Ri(t) =100 V t=0

1 t. . 1 t
VC2 — C—J-—0!>dt — VCZ(O ) + C—J;)+ |dt
2

2

=20-20" Vv t=0
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Ver = Ve TV
=20+801% v t=0
Comments:

1. The current decays to zero but v.; And v, do
not decay to zero. At steady-state (t=w),

VC1,ss = VC2,ss = 20 V
2. The initial energy stored in C, and C,

W, (0") = 1C,v2,(0") =25 m]

W,(07) = 1C,v2,(07) =0
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3. The final energy stored in C, and C,
W, () = $C,vg () =1m]
W, () = 3 Cyvey(0) =4 mJ
4. The total energy lost is 20 mJ.
5. The total energy dissipated by the resistor

W, = L“’ i’Rdt = L°° 4e72°%dt = 20 m)

Note: At t=0*, v.,=100 volts and v_,=0. Capacitor
C, supplies the current that charges capacitor C..
The current stops when v, = v, =20 V.
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Example: The network has reached steady-state
condition with the switch closed. At t=0, the switch

is-opened. Find i(t) 1k t=0 2kO

fort > 0. ~7’”-—wv—

+
12V = = 36V

The circuit is at steady-

. =1 1k 2kQ
tat t tching.
State prior to switcning Q’V\' . AAA
I E + E 12V ¥ I l ! 1
sk 2k - ' T-36V
=30 mA |
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Equivalent circuit fort> 0

The transient current is +| .
R 12V = | 0.1H
i =Kg L =Kg0.000t [
t

At steady-state, the inductor is short-circuited.
Thus, the steady state current is 12 mA.

The complete response is

i(t) =12+Ke™*" mA t=0

Since i(0*) = 30 mA, we get K = 18 mA. The final
expression is

i(t) =12+187"""" mA t=0
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First-Order RL and RC Circuits

General Procedure

1. Find f(0+), the initial value of the variable to
be solved.

2. Find f(x), the final value of the variable to be
solved.

Note: When solving for the initial and final values, treat the
capacitors as open circuits & the inductors as short circuits.

1. Simplify the RC or RL circuit to get R, C_, or L.
The time constant T is R,,C,, or L../R,,.
1. The solution is:
f(t) = f() + [f(0+) - f(c0)] €Y
s
-
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NOTES:

L f() = (=), +[f(0+) - f=)] e,

forced response  natural response

2. R, is the thevenin resistance seen by the

capacitor or inductor.
3. If a switch changed state (closes or opens) at

t =t, then
Vc(t0+) — Vc(to_) iL(tO+) — iL(tO_)
“The voltage across a “The current through an
capacitor cannot change inductor cannot change
instantaneously.” iInstantaneously.”

All other voltages and currents can change instantaneously.
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1 kQ i(t)

Example: In the circuit, Is O_%—/\/v\/ﬁ-

V;(0) =12V " b
and v.,(0) =0 V. Vo, A~3UF 6 UF A< V.,
Find v,(t), v,(t) and B i
(). i
Step 1: Initial conditions
At t=0+: 1 kO + L
—’\N\zimA Ver(07) =ve(07) =12V
12VA<3uF 6uF =< 0V Ve,(07)=v,(07)=0V

|R(O )_ C1( 1)k C2( )_ 1k _12mA
cﬂ\_;»
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Step 2: Final conditions
After a very long time, i(«) = 0.
Therefore, v (o) = v,() or

g_Q——)ZQ Q
3u 6u

Initial charge stored = final charge stored
(12V)(3uF)=36uC =Q, +Q, =Q, +2Q,
[1Q, =12uCand Q, =24uC

KQ 0mA
—ANN—
Therefore, v (o) =4V N N
4V A<3uF 6UuF A~ 4V
V() =4V

=
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Step 3: Find the time constant, 1

R, = 1KkQ
C., = 3 UF in series with 6 uF = 2 uF
Therefore, 1 = R, C,, = (1 k)(2u) = 2 ms

Step 4: f(t) = f(w) + [f(0*) - f(c0)] VT

IR(t) =0 + [12 L O] et/ims = 12 e t/m mA
Vy(t) = 4 + [12 - 4] et/

— 4 + 8 e-t/st V
ch(t) = 4 4+ [O - 4] @t/ 2ms
— 4 -4 e tim\/
(,:JL; Department of Electrical and Electronics Engineering EEE 33 - p65
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i (t) = 12 e t/2ms mA
- Ve (t) = 4 + 8 et/2ms
Vo, (t) = 4 - 4 e t/zms

N
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2.4 kQ

Example: Find the inductor t=0 > (0
current i (t) and the L+
inductor voltage v (t). 10V== gouH S v,
Step 1: Initial conditions T

i,(0*) =i(0)=20 v (0*) =10V
Step 2: Final conditions
2.4 kQ The inductor will behave like a
Wv short circuit so
+
10 V S8oOuHS oV V (o) =0V

i (») = 10+ 2400= 4.167 mA
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Step 3: Find the time constant, 1
. R, = 2.4 kQ L., = 80 uH

Thereforet =1,/ R, =33.33ns

N

Step 4: f(t) = f(o) + [f(OF) - f(0)] et/

i(t) = 4.167 + [0 - 4.167] evsan
= 4,167 - 4.167 e¥=3¥ mA

v, (t) = 0 + [10 - 0] e¥3333ny
= 10 e-/33.33n \/
=
-
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Forced response Transient response
\ I

& I (t) =4.167 - 4.167 e3333n mA
v, (t) = 10 et3333uy

1.8 2

-4
x 10
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Example: If the switch in the network closes at
t=0, find v,(t) for t>0.
24V 2v,

40 3 i:
— VW

3a(l) X vjf§4gz 2P Vo

Step 1: Initial conditions

At t=0- o 22V 20 v,(0)=3A(4Q)

ARAY @%}ﬁ = 12V

3n(1) visae (o) v(0)= 2v,+24+v,
_ . =60V

>
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At t=0%,
Vo(0*) = v (0*) = v(0) = 60V

Step 2: Final conditions

2V
40 @% \
+ VA,ss = O
A +
3a(D Va$ 40 Vo v, =24V
— o

Step 3: Find the time constant, 1

Since we have a dependent source, the equivalent
resistance seen by the capacitor can be obtained
by finding v /i

ot s
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2V,

Determine v, 40 24V
MN——
+ +

vee=24V  3A(1) V240 vOC|
Get i . ay 29
VW_‘% From KVL,
3n(D) | ws40 A 2y, = 24
' V, = -8V

The two resistors are in parallel, thus
2icc =24 -2v, =0 — . .=4A
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The equivalent resistance is
Re, = Voc 7 igc = 24V / 4A = 6Q

S

The time constant is
T =R,,C=6Q(2F)= 12sec

Step 4: f(t) = f(«) + [f(0*) - f(c0)] et

Vy(t) = 24 + [60 - 24] ev12 V
=24 + 36 e¥12

(j‘\’; Department of Electrical and Electronics Engineering
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Unit Step Forcing Function

L

N

0 t<0

u(t) =
(t) L u(t) u(t)

s
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Example

5 u(t) V ()

)|
/1

t<O0:

t>0:
— AW

2 sv(

s
-

-5 Department of Electrical and Electronics Engineering

5u(t)
5V
t
T §
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Translated Step Function

Step Function Inverted in Time
0 <t O <t
u(t —to) = u(to—t) =
t> tO t > tO
u(t-t,) u(t,-t)
153158 ANVIRANNIA I 1ASSt
t, t t, t
s
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Example

2u(2-t)
a0 2mA
2u(2-t |
2 t
2-t>0ort<2s: 2-t<0ort>2s:
2mA( T ~ T

>
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Example: The circuit shown is initially at steady-
state condition. Formulate the expression for v(t)

and iy(t) for t>0.

3kQ Ip
— AN ®
P +
24u(t) - 24u(t-4ms) () VerluF 3 6k
- i Q
Evaluate the forcing function:
24V 24V - 24V
4ms 4ms t

24u(t) — 24u(t-4ms) 24u(t) - 24u(t-4ms)
fijl"; Department of Electrical and Electronics Engineering EEE 33 - p78

’_‘_



We need to evaluate the circuit using two time
intervals: 0 <t <4ms , voltage source = 24V

t > 4ms , voltage source = 0

First time interval: 0 <t<4ms

At t<O0, the circuit is in steady-state. The
3kQ and 6kQ resistors will dissipate whatever
energy is initially stored in C, thus v.(0-) = 0.

At t = O+ |
3kQ i,(0%)
. — A - Ve(0*) = v(0)) =0
+
20v () Vel0)=0 mIpF  Z6kQ i (0+) = 0
(:T_) °
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Time constant for O<t<4ms 3kQ lr

T1=R.C + YT
+
=(2KQ)(1pF)  24v( ) VerlpF % 6k
=2 msecC ) | 9
The transient response is of the form
VC,t — Kle-SOOt iR,t — K2e-500t
Equivalent circuit at steady-state |
6 3kQ TRyss
Ve, =——(24V) =16V — VW
© o 3+6 + +I
24v() Ve g 6k
, 24V h - Q
i, = =2.67mA I
= 3kQ + 6kQ
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Complete Response

ve(t)=16+K e V

i, (1)=2.67+K,e”™ mA
Evaluate the constants K, and K, using initial

conditions.
vo(0")=0=16+K, or K,=-16

i,(0")=0=2.67+K, or K,=-2.67
Thus, we get
ve.()=16-16e>"V 0<t<4msec
i, (1)=2.67-2.67¢” mMA 0<t<4msec
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Second time interval: t>4ms

To get initial conditions, determine the voltage v,
right before switching.

v.(4ms’)=16-16e°"0% =13.83 V
At t = 4ms*

3KQ LN Ve (4ms*) = v (4ms’)
AAA - 13.83 V
vo(4ms*) §
13.83v T IHF k@ i (4ms*) = 13.83 + 6k
= 2.305 mA
L 00(0.004)
- -\ — 1 -500(0.
| =~ 231 mA
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Equivalent circuit for t = 4 ms.

3kQ L
R = 3kQ || 6kQ = 2KQ —W N
T=R_C =2 KQ)(1F) ve F1UF  Zeka
=2msecC

This is a source-free network, so at steady-state
I">..=0 and v’ ..=0.

R,ss C,ss
Let t=t'+4 ms. For t' > 0, the capacitor voltage
and resistor current is described by

ve(t')=13.83¢" V, t'>0
i, (t')=2.305¢""" mA, t'>0
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Transient and Steady-State Response

i (t) = 4.167 - 4.167 e33.33n mA
T i (0*)=0A i (0)=4.167mA

v (t) = 10 et3333u
v, (0+)=10V V (0)=0V

Transient
response

\ 4

_—

1.8 2
T =33.33 ns 5t =1.67x10% s x 10
ol

««q = Department of Electrical and Electronics Engineering EEE
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33 - p84



Example: The circuit shown is initially at steady-
state condition. Formulate the expression for v(t)

and iy(t) for t>0.

3kQ Ip
— AN ®
P +
24u(t) - 24u(t-4ms) () VerluF 3 6k
- i Q
Evaluate the forcing function:
24V 24V - 24V
4ms 4ms t

24u(t) — 24u(t-4ms) 24u(t) - 24u(t-4ms)
fijl"; Department of Electrical and Electronics Engineering EEE 33 - p85

’_‘_



Thus, the expression for v. and i, for t>0

INNE {16 — 16e-500t \/, t < 4ms
- 13.83e-500(4ms) \/  t > 4ms

_ 2.67 — 2.67e>0tmA, t < 4ms
IR(t) —

2.305e»00t4ms) mA ~ t > 4ms
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10~

16 —| 16e-500t \/ Graph for Vc(t)
16 — 16e-00t Yy, t < 4ms
13.83e300(t4ms) \/ £t > 4ms
=2 ms
T =10 ms 1
13.83e-500(t-4ms) i
0 III.E:EIZ EI.E:EIJJ, III.E:EIE EI.DlIIIEH EI.IIII1 0012 HENE III.II:1E 0.01a t
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(mA) 2 | i | | | | I

2.67 - 2/67e7%0t mA

Graph for iy(t)
2.67 — 2.67e>0t mA, t < 4ms
2.305e»00(t4ms) mA, t > 4ms

T =2 mMs
51t = 10 ms

1.5+

2.305e500(t4ms) mA i

0.5

| i | | | | |
1] 0.002 0.004 0.006 0.003 0.01 0.012 0.at4 0.a15 0.a13 t

g]

>
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Equivalent of Switching

Vu(t-t,)

e

General

Network

0

s
-

General

Network

>

+

General

Network

Equivalent circuit

i

S
)

General

Network

Equivalent circuit
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50 Q
Example: Find i(t) i
for t>0. 30 Q

2 u(t) C'D 2H
100 u(t)

When t < 0, the sources At t = 0+, the sources
are off, thus i(0-) = 0 A turn on

50 Q
50 Q i
L il | 30 Q
‘ ésog A oH
2h 100 V

' i(0*) =i(0) =0A
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Final condition: After a very long time, the
inductor will behave like a short circuit

50 O From KCL, i + i, = 2
'\/\f\’_ i r
1 KVL yields
30 Q
2A (1) . -100 - 30i, + 50i = 0
100V Thus,i=2Aandi =0
i(0) = 2 A

Time constant:
Ly =2 H —> 1 =0.0255
R, =30 + 50 =800Q
Finally, i(t) = i(eo0) + [i(0*) - i(e0)]e
4 i(t) = 2 + (0 - 2) et0:025 = 2 - 2 40t A
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Sinusoidal Sources

Consider the network shown.
Let v(t)=V_ sin wt where V_ t=

R
AN
0
d w are constant p
ik - ww@ (v i
Fort > 0, we get from KVL -

di . .
L— +Ri=V_sinwt
dt
The transient response is

Ry
i, =Ket t=0
Remember: The transient response is independent
of the source.
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The steady-state response is the solution of the
differential equation itself. Let

.. =K, sin wt +K,cos wt

di .
= = WK; coS wt - wK,sin wt
dt
Substituting in the original equation
di . .
L— +RI=V_sin wt
. dt
gives

wLK, cos wt - wLK,sin wt
+ RK;sin wt + RK,cos wt = V_ sin wt
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Substitution gives

wLK, cos wt - wLK,sin wt
+ RK;sin wt + RK,cos wt = V_ sin wt

Comparing coefficients, we get

V. =RK, —wLK, and 0 =RK, + wLK,

Solving simultaneously, we get

K = RV i K. = —wLV,,
I TR+ o2 2 R? + ofl?
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The steady-state response is
. = K, sin wt + K,cos wt

Substituting K, and K,

.. = Vin (R sin wt — wlL cos wt)

SS +0022

The complete response is

! V
i(t) = P (RRsm wt — wlL cos wt)
FKel t=0

=
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