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Capacitor

N

The capacitor is a circuit element that consists
of two conducting surfaces separated by a non-
conducting (dielectric) material. It is an
important element as it has the ability to store
energy in its electric field.

@
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Fundamental Characteristics

The charge on the capacitoris q = Cv

l
_|_
Since the currentis | = @ i
dt Cav
Then for a capacitor _
. d(Cv) i=cav
T at i at

Re-arranging the equation and integrating

dv:éidt v(t):éjooidt

3
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This can be expressed as two integrals
1 0, |
v(t)=— [ i(t)dt + —ri(t)dt
(t) = & £i(E)dE + it)

v(t) = v(t,) + Lri(t)at

Power is given by p(t) =v(t)i(t)=v(t)C d‘:j(tt)
Hence the energy stored in the electric field is
v(t)
we(t) = j Cv(t)—dt =C [ v(t)dv
v(-e )

we(t) =L1Cv? (t)\v(“ we(t) =1Cv3(t) J

v(-e )

=
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Example: Find the current

i-(t) given

- 5 ,0<t<5s
2t-5,5<t< 10 s

-0.5t+20, 10< t< 30 s |
N\~ 5 ! tZ 35 S % ; R >

S 10 15 20 25 30 35 1
At t < 5 sec: i(t) =2mF (0) =0A
5<t<10sec: i(t)=2mF(2) =4 mA
10 < t < 30 sec: i(t) =2mF (-0.5) = -1 mA

# t > 30 sec: i(t) =2mF (0) =0A
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Plot of the capacitor voltage and current:

Capacitor is

charging
(absorbing
power)

V() A

151
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I | : | -
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| |
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Capacitor is discharging
(delivering power)

0 30 35
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Example: Compute the energy stored in a 4-u F
capacitor at time t=3ms given the current i(t). The

capacitor is initially uncharged.
curreTt (LA)

16--————-

8x103t, 0< t< 2ms 10
I(t) = 1
() -8x10°, 2< t< 4 ms i o ] -

1 2 3  4|t(ms)
8 ---——-—- |

At O< t < 2ms: I
v(t) =v(t,) + _si(t)dt
0

1ot
v(t) = (1073 )xdx = 10382 V
! (t) 4(10_6)5( ) 03t
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At time t=2ms: v(2ms) = 103(2x103)2 = 4 mV
In the period 2ms < t < 4ms:
t
v(t) =v(2ms) + é [i(t)dt

2x107°

t
=4x107° + 1_6 [—8(107° )dx
4(10™" ) 2x1073

t
2x10~ 3

= 8x103 -2t V

103¢t? V,0<t<2ms
v(t) =
-2t + 8x103 V, 2<t <4 ms

= 4x107° - 2x
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The voltage of the capacitor at time t = 3ms:

v(3ms) = -2(3)(103) + 8(10-)

= 2x103 V

The energy in the electric field of the capacitor
at time t = 3 ms:

w(3ms) =1Cv*(3ms)

4(107°)(2x107° )* J

1
2

w(3ms) = 8 pJ

>
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Plot of the capacitor current, voltage, power

y and energy: Voltage (mv)
' current (UA) 4
A
167777772
10+ o
5
| | | | | | > —H |
-8-————1———? 3 4| t(ms) ey s sy t(MS)
Power(nW) __ Energy(pJ)
2l - 30 |
40|
20' 1 20+
0
20+ 101
4005 T 15 5 25 s 35 4 L(MS) — s, t(ms)
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Inductor

N
Y

The inductor is a circuit element that consists
of of a conducting wire usually in the form of a
coil. It is an important element as it has the
ability to store energy in its magnetic field.

s

<3 Department of Electrical and Electronics Engineering 12

|



http://www.powerlabs.org/images/inductors.jpg
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Fundamental Characteristics

The voltage across an inductor is :
' v
V = Lg §
dt .

/

Re-arranging the equation and integrating

di = Ly gt
L

This can a

: |
— i(t)= jvat

so be expressed as

i(t) = i(t,) + %}v(f )dt
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Power is given by

: di(t) .
p(t) =v(v)ict) =L it)
Hence the energy stored in the magnetic field is
w, (t) = 1 L9 it )dt
L= 1 g
(t)
=L [ i(t)di
i(-0)

w,(t) :%Liz(t) J
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+ Vg -

Example: Find the voltage

across the source, vg(t), oy f) +t 2(204H -
given ig(t) = 0.5 sin 10t. : vs) D43,

KVL around the loop, v, =v, + v,
From Ohm’'s Law,
vV, = 2(0.5 sin 10t) = sin 10t V
For the inductor
V, = 0.4%(0.55in10t)
= 0.4(0.5)(10)cos 10t = 2 cos 10t V

Thus, v (t) = sin 10t + 2 cos 10t V
oty
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Resistor voltage

Plot of the inductor voltage

N

D and current

vV,

.5 1otal voltage v,

-2.5

0 02 04 06 08 1 12 14 16 18 2

>
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Dual Relationship of Cand L

The defining equations for capacitors and
inductors are identical if we interchange C with L
and i with v.

Capacitor Inductor
- cav _, a
i =C i % Ldt
v(t) =v(t,)+ Lii(t)dt | i(t)=i(t,)+ | [v(t)de
0 0
we(t) =1Cv?(t) w(t) =LLi*(t)

3
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Dual Relationship of Cand L

Capacitor Inductor

e \oltage cannot change e Current cannot change

instantaneously. instantaneously.

e If the voltage is e If the current is
constant, the current is  constant, the voltage
Zero. IS zero.

= Capacitor acts like an = Inductor acts like a
open circuit to DC. short circuit to DC.
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Capacitor Combinations

N

L/

Capacitors in Series Capacitors in Parallel
| 6——H—H—
Ci—Cr1—Ca— C,== C, == C, ==
T2 A e
C,

%’"\ Ceq
= Ceq
Coo = Ci+ Cot . + C
| 1 1 1
_ 1 | = + 1
Coq G G Ch
(:JA"; Department of Electrical and Electronics Engineering
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Inductor Combinations

N

jInductors in Series Inductors in Parallel
L1 Lz I—3 i LI% L2 % L3% |_n ;
L | 1+
% |_eq % Leq
L =L+L+..+L 1—1+1+ + —
" ’ | " Leq Ll L2 Ln

S
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RC Op-Amp Circuit :

- - R,
Differentiator o Y.V —
KCL at inverting terminal;: —] (L_

=] [ Gy ¥

1 2 - C_ v, 20 + y

d Vo —V_ _ . R ’

C — -Vv_ )+ 0 — = i —e
P (v —Vv_) R, I T _

Buti=i,=0andv.=v,=0

So,

dv, Vv dv
C,—=+-9%=0 or v,(t) =-R,C, —=2

1 dt Rz 0 21 dt
fijl"; Department of Electrical and Electronics Engineering 21
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- = C
RC Op-Amp Circuit : | Hz
: I
Integrator I J ;
L=
KCL at inverting terminal: | j/|\;/1L v. |
i+, =0 v, =it +
Ve —V_ d - RS Vo
P +C2E(VO_V_)_I_ .
1 —
% : _Cz% . v (L) =—R1C [V (x)dx
1 [~2 =
] ¢
or Vo(t)= "RC ng(X)dX T Vit=o)
1~2
If the capacitor is 1 ¢t
initially uncharged, Vo(t) = _R1C2 gvs(x)dx
(j‘\’; Department of Electrical and Electronics Engineering 22



Example: Determine
the output voltage
v,(t) given the input

0.8

2, 0<t<2
vs(t)={ ®

4

S

— I——JW—
| ¢ -

3u F2u F

-0.8t + 5.6,
2<t<7

Simplifying the capacitors,

_3(107°)(2)(10™°)

' 30107°) +2(107)

= 1.2

F

Coz =1.2uF+08uF=2uF

>
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Thus, this is a differentiator circuit with
C,=2pFandR, =10kQ.

Attime 0 < t < 2 sec,
v, (t) = ~10(10° )2(10°° )%(t2 )
= -0.02 (2t) = -0.04t V
At time 2 < t < 4 sec,
V,(t) = —10(103)2(10‘6)%(—0.& +5.6)

= -0.02 (-0.8) = 0.016 V

t_{-0.04t V, 0<t<?2
Vo= 0.016 vV, 2<t<7

&3 Department of Electrical and Electronics Engineering
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N

Input voltage
vs(t)

s
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Output voltage
Vo(t)
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Example: A square wave () (mV)

(shown) is used as input to the
RC integrator circuit. Determine
the output v (t) if R,= 5kQ and 01 02 03 04 t(sec)

C, = 0.2 p F. The capacitor is
initially uncharged.

At time 1 t
VA(E) = — 0.02dx
O<t< 0.1: o(t) 5(10°)(0.2)(10° )}

2l |

= -10%(0.02)x],
= =20t V , O< t <0.1
v,(0.1) = -20(0.1) = -2 V
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At time 0.1< t < 0.2:

| 1 L
Vo(t) = 5(103)(0.2)(10_6)0{1 0.02dx +v5(0.1)

=10°(0.02)x[ -2 =20t =4V, 0.1<t< 0.2

v,(0.02) = 20(0.2) -4 =0 V

At time Lt
0.2< t < 0.3: Vo(t)=-10 0120.02dx +V5(0.2)

==20t+ 4 V, 0.2<t< 0.3

At time Lt
0.3< t < 0.4: VYo(t)=-10 - 0.02dX +Vv(0.3)

) = 20t -8V, 0.3<t<0.4
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0.2u F
\ |
J . v,(t) (mV)
— N - 20t
5k
+ +
C_)V? % > v, 01 02 03 04 tsec)
L o -20 1— 4,
~-20t V., 0<t<0.1lsec v
A
20t -4V, 0.1<t< 0.2
Vo(t)=< 0.2 0.4 t(sec)
20t + 4 V, 0.2<t< 0.3 L 013

~20t -8V, 0.3<t< 0.4 271

>
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Coupled Circuits

) Coils that share a common magnetic flux are
+“mutually coupled; that is, a time-varying current in
one coil induces a voltage in the other coil.

Example: Two-winding transformer

L= A il
o ) o
+ D +
e b

1 2
- M\ N -
o- p 1 2 o

>
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An increasing current i, in coil 1 (directed as

shown) results in a magnetic flux ¢ which induces
voltages e, and e, in coils 1 and 2, respectively.
From Faraday’s Law, we get

_Ndcp_l\I dcpdi1: di;
tdt Tdi dt Tt dt
e:N@—qujdll—L a’z1
i dt'di dt " ar

Note: L,, and L,, are self and mutual inductances,
respectively.

=
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Polarity

Marks

One end of each coil is marked to indicate the

N

L

relative polarity of the ind

uced voltages.

€1 §§

4.

. +
€5

The voltages from the marked terminals to the

unmarked terminals have

the same polarity.

€1 §§

—

€,
+
i

s

<

-5 Department of Electrical and Electronics Engineering
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When currents flow in both coils, the induced
voltage will have a component due to self-

inductance and another component due to the
mutual inductance.

+ e + + . +
enin) § F (e, enin]d § (e
di di di di
e, =Ly, dtl + Ly, d—’s e =Ly d_’é -Ly, d_’é
e, =L dl1 il di, I di, i di,

=2 g, =-L,—Ll+l,-2
ab
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Example: Write
the mesh equations R, 3
that describe the .

network. + @ ?

Mesh 1: v, =R, +L, d|1+|_ d'l M%
dt dt dt
Mesh 2: 0=R,i, + lj(iz -i,) dt
di d| 1
Mesh 3: -V, =L, dt3 Rl _J'(|3 -i,) dt

d\’) 3 Department of Electrical and Electronics Engineering 33



Example: Write the mesh equations that describe

the network shown.
5 R

N

CONDING)

3L, )

3L,
=~C

For mesh 1, we get

. d, . d, .
v(t) = Rji; +L; E(H ~i) + My, a(b - i3)

di T
] M13 d—t3 + RZ(Il - 1

>
€ {

)

3 Department of Electrical and Electronics Engineering
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For meshes 2 and 3, we get

- d,. . d, . di
0=R,(, —1)+L, a('Z —1;) + My, E(b —1,) + M, ds
d, . d di
+L2 a(lz _|3)+M12 dt( _|2)+M23 ds
d, . d di di
O0=L,—(;-1,)+M S -0 -M,, =2+, 3

d . . d . . .
+ Mg a(b —11) My, a(b —l3) t Ejl3dt

=

SE Department of Electrical and Electronics Engineering 35



Example: Write the loop equations that describe
the network. R,

! )
o | A \
¥ L, . L,
v(t)<>\i_1> i ng f !
_ tt R2 O =~C
J
di di di .
v(t) = Ry(iy +1; +13) + L dé L12d_E_L13d_E+Rz|1
di di di
v(t) =R,(i; +i, +i5)+L, =2 +L,, == +L,; ==
( ) (Il |2 I ) dt 12 dt 23 dt
V(D) =R,y +iy +i)+ Ly S Gy

E 13 E 23 E
db
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Equilibriurmn Equations for RLC
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Equilibrium Equations

Loop Current Formulation
« Number of current variables equals number
of distinct loops
 KVL equation for each loop

N

L

Node Voltage Formulation
« Number of voltage variables equals number
of nodes minus one (reference)
« KCL equation for each node except reference

State Variable Formulation
e Inductor currents and capacitor voltages are
used as variables .
« General Form of Equation: X=AX+BuU

s
=
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Example: Use the loop current method to describe
the network shown. R L

:Vv\,fYYY\_

N tv, - v - |

v(t) _ \\I@ V_C =C

We need only one current variable.
From KVL, we get

v(t) = vy +V, +V,
dl(t)

or

v(t) =Ri(t) +L—= + = I i(t)dt

=

SE Department of Electrical and Electronics Engineering 39



Example: Use the node voltage method to

describe the network shown.
+V(t)

(1) ingR R L iclxc

L REF
We need only one voltage variable. From KCL, we

S ORI
or
(t) = % N % [ vitydt+C dv(t)
o,
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Example: Write the mesh equations that describe
the network shown.

v(t)

T T S
Mesh 1: v(t):R1|1+EI_oo(|1—|2)dt

Mesh 2: 0= LC;—IE + R,i, + %I_too (i, —i,)dt

(j‘\’; Department of Electrical and Electronics Engineering 41



Example: Write the nodal equations that describe
the network shown.

+V, L +v,
M
i(t) <T> £ R, R, =C
— REF
Node 1: i(t) = — + = I (v, —Vv,)dt

dv
Node2: O==( (v, -V dt+—2+C—2
ode LJ.—oo(Z 1) R2 dt

=
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Example: Write the mesh equations that describe

the network shown.
R, C
— AN I¢ ’

v(t)b \D L \D §Rz@®i(t)

Mesh 1: V(t) =R, + L%(i1 —1,)

d,. ., 1_¢t. T
Mesh 2: 0= L&o2 -i,) + EI_Oolzdt + R, (i, +15)

Mesh 3: I, =i(t)
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Example: Write the nodal equations that describe
the network shown.

+V, C +V;
14
N

v(t) L R, i(t)

— REF
Node 1: V; = V(t)

— V1
Rl

CpoVatvi, L d .
Node 2: 0= +|_I_oov2dt+Cdt(v2 V)
. d %

Node 3: i(t) =C—(v, - Vv,)+ =
ode 3: i(t) = €2 (V5 = V) R,
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Example i€
L v IRV
+V, +Vy +V,
M +O_ —
0 SRR I SR .
|51<T> §R1 T C, §R2 <? s
—T—REF
Node a: iy, =2 +C, —(v -V, )+ = I(v - v, )dt
R
Super .

_ Ve dv
node: 's2 ~ R_z +C E(VC -v,) + G, d—tb * EI(Vb - v, )dt

Voltage source: Vg = Vy -
c_{)
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State Variable Analysis

N
Y

State variables

e Inductor Currents
e Capacitor Voltages

General Form of the State Equation

X = AX +Bu

Solution of the State Equation

e numerical integration

>

&F; Department of Electrical and Electronics Engineering
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General Procedure

1. Define a current variable for each inductor and a

2. ertcaega W/'Laeblﬁe{ c e Sp 838?%8&ctor in the

circuit. Write a KCL equation for each capacitor
in the circuit.

3. Express the equation in the matrix form
X = Ax +Bu

vector of inductor currents and capacitor
voltages (nx1)

u = vector of sources (mx1)

X

A (nxn) and B (nxm) are constant matrices
cﬁb
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Example AAA— YYN
] T T +
T v(t Vex=C
From KCL, we get ( )<> -
. ~dv,
L =C at Equations should be

in terms of i, v, and
C)/.(t).
From KVL, we get V(t) =Ri, +L dtL +V,

-
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Re-arranging the equations,

di, 1 R, 1
) —=—=v()-—1, ——V,
& _ di dt L L" L
v(t) =Ri, +L——+ v _=—>
gt 1 ——Bi —lv +lv(t)
L L°L
. dv dv. 1. 1
i =C—¢& =——d == —1, Oor ve=-_—i
L dt dt C L \" ClL

In matrix form, we get

| [@oand(iy), [,

Ve| |1c o _ 0
o,
s
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| 1610 R Ll3L v

Equations should be In

From KVL . )
we get terms of i, v, and i(t).
dt dt L
From KCL, we get
dv, dv, i
I(t) = Ye + | — == 1t - -
(03 s dt ® RC C

c}‘,)
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N

>
=

——3 Department of Electrical and Electronics Engineering

1/C

i(t)
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Example VI\Q/i . =
 From KVL, + . 3
T we get v(t) <> Ve =C § R,
di, h ]
=L—=*R,l,
e d Equations
From KCL, we get LURL/ Cc ey . | should be
Ry dt in terms of
In matrix form, we get l,, V¢, and
v(t).
i -R/L 1/L ||| 0
A R PP
Ve -1/C -1/R,C| | Vc 1/R,C

cﬁ‘)
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Example M
From KCL, I +
we get i(t)CD £ R, R, Vcs
= Yo, _
R, dt T
. . |
From KVL, we get [i(t) —i JR; = Ld—’é TV,
In matrix form, we get
i R/ L i | [RaL
L = 1 L | 4 1 i(t)
Ve 1/C -1/R,C||Vc 0

s
-

-5 Department of Electrical and Electronics Engineering
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Example L -
R, L, e le =1 71,
AMN—TMN 1€
+ |_L1> +Ve -
v(it)() L, 31 3R, (D)ie)

v(t) =Rii; +L, ddlitl + v + iy i Hi(E)R,

di . i .
stz = v, +[i,; =i, +i(t)R,

S dv,
IL1 — IL2 dt

L,

d‘_)
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In matrix form, we get

iLl '(R1+R2)/|—1
iL2 = Rz/l-z
I Ve | ] 1/C
1/L, -R,/L,

+| 0 R,/L,

0 0

s
-

R,/L,
-R,/L,
-1/C

.

i(t)

-5 Department of Electrical and Electronics Engineering
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Systematic Procedure

1. Select a tree. Place capacitors and voltage
sources in the tree and inductors and current
sources in the cotree. Place control voltages in the
tree and control currents in the cotree, if possible.

2. Assign a voltage variable for each capacitor and
a current variable for each inductor. Express the
voltage across every tree branch and the current
through every link in terms of the sources and
state variables, if possible. Otherwise, define a new
voltage or current variable.

3. Write the C equations. Use KCL to write one
equation for each capacitor. Set i. equal to the sum

of link currents at either end of the capacitor.
s
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4. Write the L equations. Use KVL to write one
equation for each inductor. Set v, equal to the sum

of tree-branch voltages in the single closed path
where L lies.

5. Write the R equations, if necessary. If a voltage
variable was assigned to a resistor in the tree, use
KCL to set i; equal to the sum of link currents. If a

current variable was assigned to a resistor in the
cotree, use KVL to set v, equal to the sum of tree

branch voltages. Solve these equations to get
expressions for v, and i, in terms of the sources

and state variables.
6. Write the resulting equations in the form

X = AX + Bu
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Example 1/=ZF
" First, we select a tree. 30 p 1/5H
a — AW ° Y\
Y +
+ - .
=2 V, w16 (D
d

Note: Only one tree
Is possible.

s
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<
n
—0
b
-t
™~
@)
M
—O

KCL at node c:

KVL for inductor:

3

3 Department of Electrical and Electronics Engineering 60
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1dv, . 1 g
KCL at node b: 6 dt + 1 +§(Vc1 -v,) =0
KCL at node c: Ldve, i, +i. =0
dt
| 1di,
KVL for inductor: V.~V * ga — Vg = 0

In matrix form, we get

V| [-2 0 -6][va] [2 o], -
Ve[ =| 0 0 =7 [ |Vep|+|0 -7 is
I 5 5 0 | -5 0 |L°._

&3 Department of Electrical and Electronics Engineering 61




Example /oF b 2/9H
a ! 1€ C
N BQ .
10 +¢d 60 I 20
VS
€ v, -v
First, we select a tree. R Yc

Note: Many trees
are possible.

>
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N

KCL for capacitor at b:

+ -
" 2i, ldvc+i3:iR+iL+VR_VC
O dt 6
e
2 di .
KVL for inductor: V, =V, +——Lt +2i
R C 9 dt L

s

<3 Department of Electrical and Electronics Engineering 63
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KCL equation for
1Q resistor in tree:

VR_
T_IS_IR

KVL for 3Q resistor in cotree : 3i; =V, — V. —V

s
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1

S




KCL at node b:

LAV o 4+ Y Ve
9dt ° " ' 6
KVL for inductor:
Vi = V¢ +%%+2iL
KCL equation for 1Q resistor in tree:
Y& o - - R e
S R L 6

KVL for 3Q resistor in cotree :
3, = Vg — Ve =V,

&3 Department of Electrical and Electronics Engineering
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Solve equations 3 and 4 simultaneously for v, and
.. We get

Vo 2. .
Ve = = IL-I-_Is-l__vs
3 3 3 9
2 2. 2. 7/

Rk =—=Ve-——Il +—l,——V
R 9C 9L 95 275

Substitute in equations 1 and 2, then simplify. We
get in matrix form

vl [-3 6 |lve] [-2 -6]|v.
i -3 -12||i, 1 3 ||

Il
+
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Example 1/7F 4 18,
———& >——

“First, we select a tree.

Ver 7 Vs BdAAA,

Note: Only one tree
Is possible.

>
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30 . 1/5H

D¢+—AVWN—a— Y4 (

+
Vs_(‘) ME SV CPIS g

e

KCL for C1 g=1av

at node c: 6 dt

KCL for C2 at 0= 1dv, i+

supernode (ad): 7 dt L
(:1‘,)
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. 1di
KVL forL: 0 =v, -V, —18i, +§d—’é_V°1
KCL for control . . 1
currentiatc: k=L T §(Vc1 - V)
s
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_1dv 1

Node c: 0= d+i +=(v, -V
6 dt L 3( cl s)
1 dv -
Supernode (ad): 0 = 2 i o+
p (ad) TR 1Sd-
KVL for L: O:vs—vcz—18ix+—i—vC1
5 dt
_ A |
Control Currenti: I, =i + §(VC1 - V,)
v, -2 0 -6 ||vy]| |2 o_-v-
Vo= 0 0 =7 | |Vea|+ ] 0 -7 is
i 35 5 90 N -35 0 |L°~.
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