Frequency Response

Frequency Response

e Response to a step input is a primary consideration in
discussions on control systems.

e What about responses to other types of input?

Consider a sinusoidal input.

e For LTI systems, the response to a sinusoidal input is a
sinusoid with the same frequency as the input sinusoid.
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Frequency Response

e However, the sinusodial output has a different magnitude
and phase in comparison to the sinusoidal input.

e Determine the magnitude and phase variations of the
sinusoidal response when the frequency is varied.

e Define frequency domain specifications.

Relate time domain performance specifications to the
frequency domain specifications.
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Frequency Response

e Develop techniques and tools for system design in the
frequency domain.
— Polar plots.
—Bode plots.
—Nyquist criterion and Nyquist plot.

e For today, we will see what frequency response is all
about. Why do we need to use frequency response
techniques?

We will look at a simple example of a polar plot.

Frequency Response Methods ©2003 M.C. Ramos
EE 231 UP EEE Institute

e What is the frequency response?

Frequency response - steady-state response of a system
to a sinusoidal input signal.

the output has different a
magnitude and phase
compared to the input.

sm‘usmdal LTI system sinusoidal
input output

e Consider a system G(s) with unique poles p1, ..., pn.
(s — 21)...(8 — zm)

(s — p1)---(s — pn)
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G(s) =



Frequency Response

Frequency Response

e Let the input r(t) = Asinwt.
Aw

R(s) = ———
() = 37 o

e The output is Y (s) = G(s)R(s).
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Detailed Look at the Frequency Response

e Using the final value theorem.
(assuming poles p1, ..., pp are in the LHP),

as+ﬁ}

li t) = lim !
Jm y(t) = lm {sz+wz

The steady-state output y(t) as t — oo,

1
y(t) = —|AwG(jw)|sin(@t + ¢)
= A|G(Jw)|sin(wt + o) where ¢ = ZG(jw)

e Output depends on the magnitude and phase of G(jw).
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Detailed Look at the Frequency Response

e What does the actual response look like.

Input sinusoid Output

= G(s) =

, ;amplitude
amplitude

zzzzzzzzz

e Response to the sinusoid is composed of a transient part
and steady-state part.

Y(t) = Ytransient(t) + ysteady—state(t)
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e Steady-state response.

Input sinusoid Qutput sinusoid
i . GGw)
& 8
2 = G(s) = =
E &1
i e
© "time” 7 LT Mtime” "

e For the input signal sin(wt),
the output has a frequency w, a peak value of |G(jw)]
and is shifted by /G (jw) with respect to the input.
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Detailed Look at the Frequency Response

e Magnitude |G(jw)| expressed in dB (decibels).

A
Logarithmic gain = 20log |G(jw)|.

) A frequency where magnitude drops by
e Bandwidth = 1 = — 3dB of steady-state value.

S

A
e Proper transfer function = lim |G(jw)| < oo.
w—00
A
Strictly proper transfer function = lim |G(jw)| = 0.
wWw—00
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First-order Systems : a Second Look

First-order Systems : a Second Look

e Bandwidth BW = |a|. Since 7 = 1

a’
more bandwidth = faster system
less bandwidth = slower system

e However, more bandwidth usually leads to more noise
getting through the system.
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e First-order system.

a 1
G(s) = = where 7 = —
s + a s + 1 a
|G(Hw) .
Lower output at higher
. frequencies (w > a).
3
<, High frequencies (e.g. noise)
E are filtered.
=]
2010
]
. = doubling = +6dB.
L = halving = —6dB.
w (rad/s)
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Second-order Systems : a Second Look

e Second-order system.

BW = wa[l — 2¢2 + (2 — 4¢2 + (Y22

|G(w)
Il .
/ Peaking.
o ki 1
3. pendre = occurs when ¢( < ——.
- V2
el
B 1
E When { = —=
o0 9
]
Eu V2
= BW = wp.
w (réd/s)
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Advantages of the Frequency Response Method

Disadvantage of the Frequency Response Method

e Easy to generate sinusoids / test signals.

e Straightforward to replace s with jw in the transfer
function to get G(jw).

e The plot of |G(jw)| and ZG(jw) gives an insight about
the system for analysis and design.
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Polar Plots

e Frequency domain <+ time domain connection.
= sometimes difficult to see.

F(s) = 2{f(t)} = /0 T ft)estas

e Polar plots - plot G(jw) on the complex plane as w is
varied from 0 to oo (or —oo to o).

Giw) = G(8)|s=j = Rw) + jX(w)
real imag

{
\

G(w) = |G(jw)|Lp(w)
where

GGw)? = [RGw)]* + [X(w)]?

oo = [
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1 1 T+jeo t
f@t) = £ H{F(s)} = —/ F(s)e®'ds
J27 Jo—joo
By e et 0P EEE Tatiute
Polar Plots
e Example. RC filter.
1
G(s) = ———
RCs + 1
e Determining G(jw).
. 1 jwRC — 1
G(jw) = - -
JwRC + 1 jwRC — 1
_ -1 X JwRC
- —(wRC)?2 — 1 —(wRC)2 — 1
_ 1 + —jwRC
1 + (wRC)2 1 + (wRC)2
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Polar Plots

e Magnitude and phase of G(jw).

1 —wRC
IG(w)), = @) = tan [ 22
V1 + (WRC)?2 1
Polar Plot
GGw)| = 1
W= w =0
) { ¢(w) =0
2 7 7 )

; 1 G(g = —
PR S N B TR
én RC o(w) = —45°
'" _ G(jw)| = 0

w+ W = o0 { ¢)(w) = —90°
real :xis ) B
gy o Methods i
Summary

e What do we mean by frequency response?

Basically, we look at the steady-state response to a
sinusoidal input.

e We usually talk about magnitude and phase when
dealing with frequency response.

e We must get reacquainted with nth-order systems in
terms of frequency response characteristics.

e Polar plots. Up next : Bode plots, at better way of
looking at things.
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Remarks on Polar Plots

e Simple graphical presentation of the transfer function.

Only one plot describes the transfer function completely.

e Calculations are tedious and frequent recalculations are
required for system design.

e Does not show the direct effect of poles and zeros to the
system response.
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