Dynamical Systems with Inputs and Outputs

Inputs and Outputs

e General form of systems with inputs and outputs

e Transfer matrix

e Impulse and step matrices

e Examples
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Inputs and Outputs

e Continuous-time time-invariant LDS has the form

© = Ax + Bu, y = Cx + Du

— Ax is called the drift term.
— Bu is called the input term.
A

&(t) with u(t) = 1 s

e With B € R2*1,

&(t) with u(t)
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Inputs and Outputs

e Remarks.
Wth B = [by ... bm),

T = Ax + bju; + ... + bpum

—state derivative is the sum of autonomous term (Ax)
and one term per input (b;u;).

—each input u; gives another degree of freedom for &
(assuming columns of B are independent).
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e Write x = Ax + Bu as
T, = EL@T:B + l~)zTu

T

where a; and Bfu are the rows of A and B, respectively.

@ The 7th state derivative is a linear function of state x
and input u.
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Block Diagram

e Block diagram

u(t)

— A;; is the gain factor from state x; to integrator i.
— B;; is the gain factor from input u; to integrator <.
—C;; is the gain factor from state x; to output y;.
—D;; is the gain factor from input u; to output y;.
©2002 M.C. Ramos
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Transfer Matrix

e Take the Laplace transform of & = Ax + Bu
and solve for X (s).

sX(s) — x(0) = AX(s) + BU(s)

X(s) = (sI — A)71z(0) + (sI — A)~'BU(s)
Thus, x(t) = eAtz(0) + /teA(t_T)Bu(T)d‘r
0

—eAta:(O) is the unforced or autonomous response.
—eAtB is called the input-to-state impulse matrix.
—(sI — A)7!B is called the input-to-state transfer
matrix or transfer function.
©2002 M. Rames

Linear Dynamical Systems with Inputs and Outputs
EE 212 UP EEE Department

Block Diagram

e Consider the structure with 1 € R™ and xo € R™2.
A Az - 18-
dt | 2 0 Agp| |2 0

1

y = 161 {332] ut) —=(By) " % ~e)- v

—x9 is not affected by
the input wu, i.e., o .
evolves @
autonomously.

—x9 affects y directly
and also through x1.
(©2002 M.C. Ramos
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Transfer Matrix

e With y = Cx 4+ Du we have
Y(s) = C(sI — A)~12(0) + [C(sI — A)~'B + D]U(s)

SO

t
y(t) = CeAt:c(O) b / CBA(t_T)Bu(T)dT + Du(T)
0

e The output term CeA*z(0) depends on the initial
condition.
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Transfer Matrix

eH(s) = C(sI — A)"'B + D is called the transfer
function or transfer matrix.

h(t) = CeA*B + DJ(t) is called the impulse matrix (or

impulse response) where §(t) is the Dirac delta function.

e With zero initial conditions,
Y(s) = H(s)U(s) - y = h *x u

where the operator * denotes convolution.

e H;; is the transfer function from input u; to output y;.
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Impulse and Step Matrices

e The step matrix or step response is given by

s(t) = /th(T)dT

o

e Remarks.

—8;;(t) is the step response from the jth input to ith
output.

—y; is s;(t) when u(t) = e;j.
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Impulse and Step Matrices

e Impulse matrix h(t) = CeAtB + D4(t).
With (0) = 0,y = h * u, i.e,

m t
vilt) = Jzzjl /O hij(t — T)uj(r)dr

e Interpretations.
—h;;(t) is the impulse response form jth input to ith
output.
—y; is h;j(t) when u(t) = e;o6(t).
—h;;(1) shows how dependent the output % is, on what
input 7 was, 7 seconds ago.
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Examples

e Mass, spring and damper system.

— Unit masses, springs and dampers.

— Tension between 1st and 2nd masses : uj.

— Tension between 2nd and 3rd masses : us.

— Displacements of masses 1,2 and 3: y € R3.

—State variable : = = [yT yT]T.
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Examples

Examples

e The system is

[ 0 0 0 1 O

0O 0 0 0 1

4 0 0 0 0 O
-2 1 0-2 1

1-2 1 1-2

0 1-2 0 1

e Eigenvalues are

—0.171 + j0.71,
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Examples

N = O F=OO

—1.00 £+ 31.00,

]

O =FOOO
= =0 000

—0.29 + ;0.71
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e Impulse matrix.

impulse response from wu;

impulse response from wus
h2

ol
ol

e Remarks.

—impulse at uy affects the 3rd mass less than the other
two.

—impulse at ug affects the 1st mass later than the other
two.
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Examples

e Interconnect circuit.

—u(t) € R is the input
(drive) voltage.
—x; is the voltage across C;.
—output is the state :
Yy = x.
—unit resistors and unit

capacitors.

—step response matrix shows
delay to each node.
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e The system is

-3 1 1 0 1
. 1-1 0 O 0
g 1 0-2 1|*7F |o|™
0O 0 1-1 0
Yy = x
e Eigenvalues of A are
—0.17 — 0.66 —2.21 — 3.96
Bt | e ik fuputs and Outpuis UP BBE Department



Examples

e Step response matrix s(t) € R**L

step response s(t) € R4*!

—shortest delay to .

o 1 —longest delay to x4.
e 7 —delays =~ 10,
s y | consistent with

/ slowest (i.e.,

] dominant) eigenvalue
o ] —0.17.

I I I s
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DC (Static) Gain Matrix

e Recall H(s) = [5°e 5h(t)dt and s(t) = fg h(T)dr.

e If the system is stable,

H(0) = /0 " htyat =

lim s(t)
t—o0

oIf u(t) — uso € R™, then y(t) — yoo € RP where

Yoo = H(0)uco
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DC (Static) Gain Matrix

e Transfer matrix at s = 0 is

H(O) = —CA™'B + D € R™XP

e DC transfer matrix describes the system under static
conditions, i.e., &, u, y are constant.

0 = = = Ax + Bu y = Cx + Du
Eliminate x to get
Yconstant — H(O)Uconstant
Linear Dynamical Systems with Inputs and Outputs
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DC (Static) Gain Matrix

e DC gain matrix for mass, spring and damper example.

1/4 1/4
H(0) = |—-1/2 1/2
—1/4 —1/4

e DC gain matrix for interconnect circuit example.
1
H(0) =

-
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Discretization with Piecewise Constant Inputs

e Linear system ¢« = Ax + Bu, y = Cx + Du.
Suppose ug : Z; — R™ is a sequence, and

u(t) = ugq(k) for kh < t < (k + 1)h, kK = 0,1,...

e Define sequences

zq(k) = xz(kh), yq(k) = y(kh), k& = 0,1,...

—h > 0 is called the sample interval (for  and y) or
update interval (for u).

—u is piecewise constant (called zero-order hold).

—x4 and y, are sampled versions of x and y,
respectively.

Linear Dynamical Systems with Inputs and Outputs ©2002 M.C. Ramos
EE 212 UP EEE Department

Discretization with Piecewise Constant Inputs

Discretization with Piecewise Constant Inputs

e The system matrices are
h
Ay = 4t B, = / e4™Bdr, C; = C, D; = D
0

This is called the discretized version of the original
system.

e Stability.

If the eigenvalues of A are \q,...,An, then eigenvalues
of A, are eh)‘l, ceey ehAn,
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e General solution from continuous-time case.

zq(k + 1)
= z[(k + 1)h]

h

= eMo(kh) + / eA"Bul(k + 1)h — 7]dr
0 h

= eAlzy(k) + [/0 eATBdT] uq(k)

x4, ug and y, satisfy discrete-time LDS equations.

zg(k + 1) = Agzgq(k) + Bgug(k)
Yyda(k) = Cqzq(k) + Dgug(k)
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Discretization with Piecewise Constant Inputs

e Discretization preserves stability properties since
R\ < 0 = ’eh)‘i < 1’

for h > 0.

e Extensions and variations common in applications.

—offsets : updates for u and sampling for  and y are
offset in time.

—multirate : u; updated and y; sampled at different
rates (usually integer multiples of a common interval

h).
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Dual System

e The dual system associated with system

t = Ax + Bu, y = Cx 4+ Du
is given by
2 = AT, + C’T'v, y = BT, + DTy

—all matrices are transpose of the original matrices.
—role of B and C are swapped.

e Transfer function of the dual system.

BT(s1 — ATY~1cT + DT

(©2002 M.C. Ramos
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Dual System

Dual System

e Easy enough to show that the TF of the dual system is
related to the TF of the original system as

BT (s1 — ATY=1cT + DT = [H(s)]T
where H(s) = C(sI — A)~'B + D.

For SISO systems, TF of the dual is the same as the
original.

e Eigenvalues (and thus, stability properties) are the same.

(©2002 M.C. Ramos
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Causality

e Using block diagrams, the dual is formed by

—transposing all Original system.

matrices. O

. x(t
—swap inputs and  ug) —e=(B) e~ ()=@J—> y(t)
outputs on all

blocks. 4(@F

—reverse directions Dual system.
of signal flows. . :
—swap connections ' =) [
and summing w(t) =-e=—{57) s (D)= v(®)

junctions. @

©2002 M.C. Ramos
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e Interpretation of

t
B
0
t
y(t) = Ce?'z(0) + / CceAt=T)Bu(r)dr + Du(r)
0

fort > 0.

e Current state x(t) and output y(¢) depend on past input
(u(r) for = > t).

Mapping from input to state and output is causal (with
fixed initial state).

©2002 M.C. Ramos
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Causality

e Now consider a fixed final state z(T) : fort < T,

t
z(t) = eAt=Tg(T) + / eAt=7) By(r)dr
T
i.e., current state (and output) depends on the future

input.

e For fixed final condition, the same system is anti-causal.
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Concept of State

Concept of State

e System state at time t usually denoted by x(t).

e Future output depends only on the current state and
future input.

e Future output depends on past input only through
current state.

e State summarizes effect of past inputs on future output.

e State is a bridge between past inputs and future outputs.
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Standard Forms for LDS

e Change coordinates in R™ to £ with * = Tz.

t = Ax + Bu, y = Cx + Du
t = T Y = T71(Az + Bu) —1ATz + T 'Bu

e Hence, the linear dynamical system expressed as

y be
T = Az Bu, Yy = é’ +
A = T7lAT, = 177'B, C = CT

@+
! Ul

= D

N

e Transfer function is the same (since u and y are not
affected).

C(sI — A)7'B+ D =C(sI — A'B+ D
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e We can change coordinates to put A in various forms
(e.g. diagonal, real modal, Jordan, ...).

e To put LDS in diagonal form, find T such that
T—IAT = diag(A1,...,An)
T
bl

Write T~1B = and CT = [ ... &n)

FT
bn
SO
n
I3 ~ =T v
z; = A\x; + b;u, y = > &
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Standard Forms for LDS

e Block diagram representation.

n
. =T ~ ~
T, = Nx; + b;u, Yy = g C;x;
=1
T1
~ 1 >
bl - — »( C;
A s
u : Yy
o O o
Tn
oL - 1 (¢,
n
A s
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Discrete-time Systems

Discrete-time Systems

e Interpretation of the z—! block.

—unit delay (shifts sequence back in time one epoch).
—latch (plus small delay to avoid race condition).

e We have
x(1) = Ax(0) + Bwu(0)

x(2) = Axz(1) + Bu(l)
= A%2(0) + ABu(0) + Bu(1)
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e Discrete-time LDS.
xz(t + 1) = Ax(t) + Bu(t), y(t) = Cx(t) + Du(t)

u(t) y(t)
e Difference with continuous-time : z instead of s.
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Discrete-time Systems

oIn general fort € Z,,
t—1
x(t) = Alz(0) + ZA(t_l_T)Bu(‘r)

=0

e Hence
y(t) = CA'z(0) + h * u
where * is the discrete-time convolution operator and

D t =0
h(t) = {CAt—lB t > 0

is the impulse response.
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Z-transform

e Suppose w € RP*Y is a sequence (discrete-time signal),
i.e.,

w:Z_|_—>Rqu

e Z-transform W = Z(w) defined as
o
W(z) = > ztw(t)
t=0
where W : D C C — CP*X4 (D is the domain of W).
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Discrete-time Transfer Function

Z-transform

e Consider the Z-transform of the discrete-time equations
2(t +1) = Az(t) + Bu(t),  y(t) = Ca(t) + Du(t)
given by

zX(z) — zz(0) = AX(z) + BU(2)
Y(z) = CX(z) + DU(z)

e Solve for X (z).
X(z) = (2I — A)7'22(0) + (2I — A)"'BU(2)
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e Time advanced or shifted signal v

v(t) = w(t + 1) t = 0,1,...

e Z-transform of shifted signal is

Linear Dynamical

EE 212

1 Sys

Vi(z) = Zz_tw(t + 1)
t=0

=z Z z tw(t)
t=1

= zW(z) — zw(0)

tems with Inputs and Outputs

Discrete-time Transfer Function

N
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e Thus,

where H(z) = C(zI — A)"'B 4 D is the

Y(z) = H(z)U(z) + C(zI — A)~lzx(0)

discrete-time transfer function.

e Note the power series expansion of the resolvent.

(zI — A)_1 — 271 4+ 2724 + 27342 ¢

What is the impulse response?

ynamical Sy:

stems with Inputs and Outputs
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Summary

e Systems with inputs and outputs.

e Transfer, impulse, step and DC gain matrices.
e Dual system.

e Causality.

e Standard forms of linear dynamical systems.

e Discrete-time systems and Z-transform.
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